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ABSTRACT. We find an explicit form of the basic monodromy operator for the case of 
the quantum group \Jq(L(sl$)). The expressions for the quantum Casimir elements of 
the quantum groups U^s^)) and U^g^) are obtained as a byproduct. 
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1. Introduction 



The most productive, although not comprehensive, approach to the theory of quantum 
integrable systems is based on the concept of a quantum group introduced by Drinfeld 
and Jimbo [13, 15]. In this approach, all the objects describing the model and related to 
its integrability originate from the universal R-matrix. For the first time, it was clearly 
realised by Bazhanov, Lukyanov and Zamolodchikov [2, 3, 4], see also [1, 8, 9]. The 
method was used to obtain an explicit form of R-matrices for certain representations 
of the quantum groups U q (L(si 2 )) [19, 20, 24, 11, 10, 6], V q (L(si 3 )) [24, 11, 10, 6] and 
Uq(/C(s[3, u)) [19, 7], where u is the standard diagram automorphism of the Lie algebra 
sfe of order 2. An example of a quantum supergroup was considered in the paper [5]. 
It appears that one can also find the form of monodromy operators, transfer matrices, 
L-operators, and Q-operators [5, 6, 8]. 

The universal R-matrix is an element of the tensor product of two copies of the 
quantum group under consideration. A monodromy operator for a discrete quan- 
tum integrable system is constructed by a choice of two finite-dimensional represen- 
tation of the quantum group. For the case of the quantum group Uq(L(sl n )) the usual 
way to construct finite-dimensional representations is to use the homomorphism from 
Uq(L(sl n )) to Uq(gl n ) proposed by Jimbo [16]. It is convenient for applications to 
use this homomorphism for the first factor of the tensor product and some finite di- 
mensional representation for the second factor. Here the monodromy operator is a 
matrix with entries in the quantum group U (? (a[„). For the case of the quantum group 
Uq(L(sl2)) such monodromy operator was obtained in the paper [8]. In the present 
paper we consider the case of (3(3)). It is worth to note that the general form of 
the monodromy operator in question up to a factor belonging to the centre of (gl n ) 
was found by Jimbo [16]. Our main goal is to find this factor. As a byproduct we obtain 
the expressions for the quantum Casimir elements of the quantum group U^(g[ 3 ). 

Below N denotes the set of positive integers, No the set of non-negative integers. 
Depending on the context, the symbol 'V means the number one, the unit of an algebra 
or the unit matrix. We use the notation 

K q = q- cf 1 , 

so that the quantum deformation of a number v G C is 

H H 

When necessary we identify a linear operator with its matrix with respect to a basis. 
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2. Quantum group U q (sl 3 ) 

Depending on the sense of q, there are at least three definitions of a quantum group. 
According to the first definition, q = exp ft, where ft is an indeterminate, according to 
the second one, q is indeterminate, and according to the third one, q = exp ft, where 
ft is a complex number. In the first case a quantum group is a C[ [ft]] -algebra, in the 
second case a C(^)-algebra, and in the third case it is just a complex algebra. Usually 
one uses monodromy operators to construct transfer operators with the help of some 
trace operation. It seems that to this end it is convenient to use the third definition of 
a quantum group. Therefore, we define the quantum group as a C-algebra, see, for 
example, the books [17, 14]. 

Denote by f) the standard Cartan subalgebra of the Lie algebra sl 3 and by Hi, i = 1, 2, 
the standard Cartan generators. The root system of 5(3 relative to f) is generated by the 
simple roots a.j € = 1,2, given by the relations 

« y (Hf) = a ijr (2.1) 



where 



is the Cartan matrix of 5(3. 

Let ft be a complex number and q = exp ft. The quantum group Uq(sl 3 ) is a unital 
associative C-algebra generated by the elements F ; , i = 1, 2, and q x , X e h, with 
the relations 

q° = 1, q Xl q X2 = q x ^ Xl , (2.3) 
q X E t q~ x = q a '^E t> q X F t q~ x = q~ a ^F u (2.4) 

\_L (2-5) 

q q 

satisfied for any i and /, and the Serre relations 

EfE j - [2]^^ + EjEj = 0, Tf F 7 - [2]^-^ + Ffi = (2.6) 

satisfied for any distinct i and /. Note that q x is just a convenient notation. There are 
no elements of U^s^) corresponding to the elements of f). Below for any X £ goiftft 
and v £ C we use the notation 

Looking at (2.4) one can say that the generators e ; and f{ are related to the roots and 
—OLi respectively. We define the elements related to the roots &\ + 0.2 and — (oc\ + 1x2) as 

E 3 = E X E 2 - q~ X E2E x , F 3 = F 2 F X - qF x F 2 . (2.7) 

With respect to the properly defined coproduct, counit and antipode the quantum 
group 11^(3(3) is a Hopf algebra. 

There is a useful set of automorphisms of U^(sl3) defined as 

Ei v.E. q^= l v 'i H i, Fi ->■ v~ X q~ L ^ =1 v ^F x , (2.8) 
q X -)> (2.9) 



^Here and below we assume that ^ 2 7^ 1 . 
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where the complex numbers satisfy the relation 

-v n + 2v n = 2v 2 \ - V22, 
and V{ are arbitrary nonzero complex numbers. 

3. Quantum group U q (£(s [3)) 

3.1. Definition 

We start with the quantum group Uq(L(sl^)). Remind that the Cartan subalgebra of 

£(s( 3 ) is 

if = t) e Cc, 

where f) = CH is the standard Cartan subalgebra of the Lie algebra £[3 and c is the 
central element [18]. Define the Cartan elements 

Hq = c — Hi — H2, hi = Hi, hi = H2, 

so that one has 

fj = cho e Chi e Ch 2 . 

The simple positive roots a.j G f)*, i = 0, 1, 2 are given by the equality 

otj(hi) = Oij, 

where 

/ 2-1-1 

(«*/) = -1 2-1 
\ -1 -1 2 

is the Cartan matrix of the Lie algebra £ (sfe). 

Let as before ft be a complex number and 17 = exp h. The quantum group U (? (£ (s^)) 
is a unital associative C-algebra generated by the elements e,-, z' = 0, 1, 2, and 17*, 
x £ Fj, with the relations 

^° = 1, ^^ Z2 = ^ 1+Z2 , (3.1) 

= <f = (3.2) 

Mj\=*i^£ 0-3) 
satisfied for all z and /, and the Serre relations 

- [2] q e ffi + erf = 0, fff. - [2] qfjfi + ffi = (3.4) 

satisfied for all distinct i and j. 

The quantum group Uq(L(sls)) is a Hopf algebra with the comultiplication A de- 
fined by the relations 

A{q x ) = q x ® q x , (3.5) 

Afe) = e { <g> 1 + <T /! ' ® e i/ ^(/i) = /i ® ^ + 1 ® /i/ (3-6) 
and with the correspondingly defined counit and antipode. 

The quantum group U^^s^)) can be defined as the quotient algebra of \Jq(L(sl3)) 
by the two-sided ideal generated by the elements of the form ^ c -l,i/ G C x . In terms 
of generators and relations the quantum group Uq(L(s [3)) is a C-algebra generated by 
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the elements ej, / ; , i = 0, 1, 2, and q x , x G t), with relations (3.1)-(3.4) and an additional 
relation 

qV(h +h 1+ h 2 ) = q vc = lf (37) 

where v G C x . It is a Hopf algebra with the comultiplication defined by (3.5), (3.6) 
and with the correspondingly defined counit and antipode. One of the reasons to use 
the quantum group \2q(L(s\$)) instead of Uq(L(sl3)) is that in the case of \Jq(L(sls)) 
we have no expression for the universal R-matrix. 

3.2. Universal R-matrix 

As any Hopf algebra the quantum group Uq(L(sl^)) has another comultiplication 
called the opposite comultiplication. It is given by the equalities 

A°P(q x ) = q x ®q x , 
A°P (e t ) = e { ®q- h ' + l® e if A°? (/,-) = / f <g> 1 + q h ' ® ft. 

When the quantum group Uq(L(sl^)) is defined as a C[[7z]] -algebra it is quasitriangu- 
lar. It means that there exists an element ft G Uq(L(sl^)) (g> Uq(£>(sl3)) such that 

A°P(a) = ftZ\(a)ft _1 

for all a G \]q{£j{slz)), and 2 

(A <g> id) (ft) = ft 13 ft 23 , (id ®A) (ft) = ft 13 ft 12 . 
The most important property of the universal R-matrix is the equality 

-T)12rnl3rp23 <T)23rpl3rT)12 /o o\ 

Jv Jv Jv — Jv Jt Jv ^vJ.O^ 

called the Yang-Baxter equation for the universal R-matrix. 

The expression for the universal R-matrix of Uq(L(sl^)) considered as a C[[7z]] -algeb- 
ra can be constructed using the procedure proposed by Khoroshkin and Tolstoy [23]. 
Note that here the universal R-matrix is an element of ( b+ ) <E) ( b_ ), where Uq(b+) 
is the Borel subalgebra of Uq(L(sl3)) generated by e\, i = 0,1,2, and q x , x G f), and 

Uq(b-) is the Borel subalgebra of Uq(L(sl3)) generated by //, i = 0, 1,2, and q x , x G t). 

In fact, one can use the expression for the universal R-matrix from the paper [23] also 
for the case of a quantum group (£ (s^)) defined as a C-algebra having in mind that 
in this case a quantum group is quasitriangular only in some restricted sense. Namely, 
all the relations involving the universal R-matrix should be considered as valid only 
for the weight representations of Uq(L(sls)), see in this respect the paper [22] and the 
discussion below. 

A representation n of Uq(L(sl3)) on the vector space V is a weight representation if 

Aef)* 

where 

V A = {v G V | q x v = q A ^v for any x G ?)}. 

Note that the element A in the definition of the weight subspace V\ is defined uniquely. 
Therefore, for a given x G f) one can define the operator acting on v G V\ as the 
multiplication by X(x). It is natural to denote this operator by n(x). 



For the explanation of the notations see, for example, the book [12] or the papers [6, 8]. 
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Let 7i\ and nj_ be weight representations of \^n{L[s\^j) on the vector spaces V\ and 
V2 with the weight decompositions 

Vi= ©(Vi) A/ Vi= ©(Vz)a. 

Aeff Aetf 

In the tensor product V\ (g) V2 the role of the universal R-matrix is played by the oper- 
ator 

3^*2 = (^1 ® 7r 2)(^) (3.9) 

Here ft is an element of Uo(n+) <g> U^ri-), where U^(n + ) and U^ti-) are the subal- 
gebras of UALisl?)) generated by e{, i = 0,1,2, and f{, i = 0,1,2, respectively. The 
operator % nii7t2 acts on a vector v G (Vi) Al <8> (^)a 2 ^ accordance with the equality 

z; = fii^M^ihj) V/ (3 1Q) 

where 

is the inverse matrix of the Cartan matrix (2.2) of the Lie algebra 5(3. It is clear that 

Of _ n Lf ;,=1 &i; TTl Oi) ® ^2 (fy ) 

and, slightly abusing notation, we write 

3C7r 1# 7t 2 = (TTl ® 7T2) (^l^®*/) = (7Ti (g) 7T 2 )(3C). 

In the present work we meet a more general situation. We have a homomorphism <p of 
Uq(L(sl^)) into some other algebra A and a finite dimensional weight representation 
n of Ufl(,£(s[3)) on the vector space V. Let {e a } be a basis of V consisting of weight 
vectors, X a an element of f)* corresponding to the vector e a , and P fl the projection on e a . 
Then the role of the universal R-matrix is played by the element 

%<p,n= (<p® 7T)(^)0C^ 

of A <g) End(V) with 

= £<p^<%-iWW h ') ®P a . (3.11) 
Again, slightly abusing notation, we write 

%cp,n =(cp®Tl) (^ty**®*/) = ® 7T)(X). 

It is clear that in the case where cp is a representation of ^(£(3(3)) this definition is 
consistent with the definition (3.10). 

To describe the structure of ft we have to define root vectors corresponding to the 
roots of £(5(3). We say that a G \Jq{t{s[^)) is a root vector corresponding to a root 7 
of £ (fife) if 

q x aq~ x = q 7 ^a 
for all x e t). It is customary to denote 

£ = CiQ + a.\ + OL2, DL = DL\, f> — 1X2- 
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Let A + = {a,/3,a + /3} be the system of positive roots of 3(3. Then the system of 
positive roots of £(3(3) is [18] 

A+ = {7 + kS I 7 G A +/ Jfc G N } 

U {k5 I fc 6 N} U {(5 - 7) + kS I 7 G A +/ fc G N }. 

The full system of roots is the union of the systems of positive and negative roots 

A = A + U(-A+). 

We denote the root vector corresponding to a positive root 7 by e 7 , and the root 
vector corresponding to a negative root 7 by The evident choice for the root 
vectors corresponding to the simple roots is 

e 5-a~p — e 0> e a = £\, Zf, = ^2 

and for the simple negative roots is 

fs-u-p = /o, fa = f\> fp = H- 

We define the root vectors corresponding to the roots ±(a + ft) as 

Ca+p = e<x.ep — q~ 1 epCa, fa+p = fpfa — 1 foe fp- 

and the root vectors corresponding to the roots ±(5 — 7), 7 G A+, as 

-l -l 
e s-a = e p es-u-p — q es-a-p e p, e s-p = e K es~ a -p — q es-a-p 

fs-a = fs-a-pfp — qfpfs-a-p, fs-p = fs-u-pftx ~ CJ fa fs-x-p- 

The root vectors corresponding to the roots ±<5 are indexed by the elements of A + and 
defined by the relations 

e 6,j = e l e S-7 ~ 2 ^-7 e 7' fs,y = fs-jfj ~ 2 flf^~7- 

Now we define the root vectors corresponding to the remaining roots ±(7 + kS) and 
±((£ — 7) + kS) as follows 

e 7 +ks = [2] (j -1 { e j+ (k-i)S e 's, 7 ~ e 's, 7 e y+(k-i)6)> (3.12) 

e {S-j)+kS = [ 2 ]q 1 ( e 's,j e (S-^)+(k-l)S - e (J-7) + (fc-l)<5^,7)/ (3.13) 
fy+kS = [2] ? 1 (fs /7 f'y+(k-l)6 - f-Y+(k-l)sf's,j)' (3-14) 
f(S-j)+kS = t 2 ]^ 1 (/(<5-7) + (fc-l)<5/<5,7 _ /i,7/(<5-7)+(fc-l)<s)- (3.15) 

The last step is to define the root vectors corresponding to the roots kS. For > they 
are defined as 

e /c<5,7 = e 7+(ic-l)<5^-7 ~ 1 e 7-<$ e 7+(fc-lM' ( 3 - 16 ) 

and for k < as 

/faS, 7 - f6-<y fj+(k-l)6 - q 2 f-y+{k-l)8 f-y-6> 

where 7 G A+. The second type of vectors corresponding to the roots kS is defined by 
the equation 

e 5/1 (Q =K- 1 log(l + K,eJ /7 (0), /j /7 (0 = -^108(1-^/^(0), (3.17) 

The prime stands to distinguish two types of the root vectors, see the definition below. 
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where 

00 oo 

fc=i fc=i 
00 00 

/i, 7 (C) = E/m, 7 C / A 7 (£) = 2w/w,7^ • 
fc=i fc=i 

It is useful to have in mind that all e k s t ~ commute and all f k g i 7 commute as well. 

The next ingredient of the Khoroshkin-Tolstoy construction is a normal order of 
A+. We use the following one [10] 

ol, ol + p, ol + 5, oc + p + 5, ol + 25, ol + p + 25, . . . , jS, jS + 5, p + 25, . . . , 
5, 25, ... , ... , (5-p)+25, (5-p) + 5,5-p, ... , 
(5 - ol) + 25, (5 - a - f) + 25, (5 - ol) + 5, (5 - ol - jS) + 5, 5 - ol, 5 - ol - p. 
After all, H is constructed as the product of three factors 

&=Jl^ s 0l^ d 3lys- (3.18) 
The factor Jl^s is the product over 7 G A + and k G No of the ^-exponentials 

Rj+kS = exp q - 2 (K q e 7+kS (g> f 7+kS ). 

The order of the factors in Ji^ coincides with the chosen normal order of the roots 
7 + k5. For the second factor in (3.18) we have 

R^s = exp (xq f] u k/i j e kS/K . ® yW.) , (3.19) 
V k=\ i,j=i / 

where for each k G N the quantities u k u are the entries of the matrix 

Ulr -1 1 (i k + r k (-i) fc ) (320) 

Uk ~ [k) q <j* + 1 + q ~2k { (-1)* J + r * ) ■ (3 - 20) 

The last factor in (3.18) is the product over 7 G A + and k G No of the ^-exponentials 

R(d-y)+k6 = ex P £? -2( K £/ e (<5-7)+fc<5 ® /( 7 -<S)+fcj) • 

The order of the factors in Jl^$ coincides with the chosen normal order of the roots 

(6 - 7) + JW. 

4. R-MATRIX AND MONODROMY OPERATORS 

We construct objects related to integrability by choosing representations for the factors 
of the tensor product (L (5I3) ) ® U q (£ (5I3)) and then applying them to the universal 
R-matrix [8]. A spectral parameter is introduced by endowing U (? (£(st3)) with a Z- 
gradation. To this end we use the following procedure [8]. Given £ G C x , we define 
an automorphism <2>£ of \J q (C(sl3)) by its action on the generators of XJ q (L(sl3)) as 

<p& x ) = q x , = ^ *cCf/) = r s 'A (4-1) 

where s, are arbitrary integers. The automorphisms corresponds to the Z-gradation 
with the grading subspaces 

U q (L(sl 3 ))m = {ae U q (L(sl 3 )) I 4> c (a) = 
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Note that for any £ G C x the universal R-matrix of ^(^(s^)) satisfies the condition 

(4.2) 

Below we use the notation 

ss = so + Si + S 2 , S a = Si, Sp = s 2 , S a+jS = Si + s 2 . 
4.1. R-matrix 

The first useful object is an R-operator, or the R-matrix associated with it. To define 
the corresponding representation we use the Jimbo's homomorphism 

defined by the relations 

(p(q vh °)= q -v(H 1 +H 2 ) f <p ( q vh 1 ^ =q vH lf <p ( q vh 2 ) =q vH 2f (43) 

cp(e ) =F 3i? -(«i-^)/3 / cp{e 1 ) = E l , <p(e 2 ) = E 2 , (4.4) 

cp(fo) = E 3q ^- H ^ /3 , <p{h) = h, <p(f2)=F 2 , (4.5) 

see the paper [16]. 4 Note that this is not a homomorphism of Hopf algebras. 

We denote by n^ mi,m2 ^ the finite dimensional representation of (s\ 3 ) with the high- 
est weight (mi, m 2 ), mi, m 2 G No- It is a highest weight representation with the highest 
weight vector vo characterised by the equalities 

q *H lvQ = q vmi VQ/ q vH 2vQ = q vm 2v0/ EiVq = 0, E 2 V = 0. 

Using the Jimbo's homomorphism we define the finite dimensional representation 

p(«i,w 2 ) = n (m lr m 2 ) Q ^ 

of Uq(L(sl 3 )), and the finite dimensional representation of XJq(L(sl 3 )) depending on 
the spectral parameter 

p(»»i,m2)(£) = rt M2) oyo $ fi 

The first fundamental representation z^ 1,0 ) of ^(£(3(3)) can be realised on the space 

C 3 as 

K {lfi) {q vH x) =qEn+q -i E22/ nW>{q vH *) =qE 22 + q - 1 E 33 , (4.6) 

n^\Ei) = Ei 2 , n^\E 2 ) = E 23 , (4.7) 

n^°\Fi) = E n , n^°\F 2 ) = E 32 , (4.8) 

where E^ G End(C 3 ), a, b = 1,2,3, are defined by their action on the vectors of the 
standard basis {e a } of C 3 : 

Eflfc^c = fibc^a- 

Using the well known relations 

^ab^cd ^bc^ad' 

we see that 

n^\E 3 ) = Ei 3 , n^°\F 3 ) = E 31 . (4.9) 
The R-operator associated with the representation 

^(1,0) is 

defined as 



4 In fact, Jimbo defines a homomorphism from Uq(£(s(3)) to U^gtj), see in this respect section 5. 
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It follows from (4.2) that 

R(&v|C2v)=R(Ci|k), 

therefore, one has 

r(Ci|C2) = WiG" 1 )/ 

where R(£) = jR(^|1). One can write 

3 

R(0= £ E flc <g>E bd 2*^(0 (4.10) 
and define the 9x9 matrix 

*(0 = (^| C rf(0)- 

It can be shown [10, 6] that 

R(0 = R(QD. (4.11) 
Here for the non-zero quantities of the matrix R(Q = (R a b\cd(0) we have 

«ll|ll(0 = ^22122(0 = «33|33(0 = /(CO (1 " <?~ 2 ^), (4-12) 
^12|12(C) = ^13 1 13(0 - ^21|2l(C) 

= R 23 | 23 (0 = R 3 i|3i(0 = R 3 2|32(0 = f(C") (1 " CO/ (4-13) 

«U|2l(0 = «13|3l(0 = /(CO r a+S ^,, (4.14) 

R 2 3|32(0 = /(?') C**q, R 21 | 12 (0 = /(?') (4.15) 

K3i|i3(0 = /(CO C"-"-'^ ^32123(0 = /(CO (4-16) 
where /(£) a transcendental function having the form 

/(0 = exp(A 3 (^ 2 ^) + A 3 (^') + A 3 fo- 4 C0) 

with 

The non-zero quantities of the matrix D = {D ab \ cd ) are 

D n \ n = D 22 \22 = D 33|33 — ^ 2/3 ' (4-18) 
D 12 | 12 = D 13 | 13 = D 21 | 21 = D 23 | 23 = D 31 | 31 = D 32 | 32 = q . (4.19) 

In fact, to define an R-operator one can use any finite dimensional representation of 
\Jq(sls). Different choices correspond to different quantum integrable models. In this 
work we restrict ourselves to the models defined by the first fundamental representa- 
tion. 

4.2. Ansatz for the monodromy operator 

To construct monodromy operators one uses different representations for different fac- 
tors of the tensor product U^(£(sl 3 )) ® U (? (£(s[ 3 )). We use for the first factor the rep- 
resentation <p( mi ' m2 )(£), for the second factor the representation (p^ ,0 \rj), and denote 

M^' W2 \C\V) = {{<P {mi ' mi) {Q <8><?> (1 ' O) 07))(#). 
From the point of view of spin chains such an operator corresponds to a one-site chain. 
In general, one takes instead of the representation (p^' Q \rj) a tensor product of repre- 
sentations such as (p^ l,0 \r]\) ® • • • ® ^ 1/0 '(*7n) [8]. 
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In fact, it is convenient for applications to define the monodromy operator 
and use the relation 

M^' m2 \C\v) = [n {mx,mi) ® id) (M(C|?7)). 
Using the equality (4.2), one can demonstrate that 

M(£v\rjv) = M(£\rj) 
for any v £ C x . Therefore, one has 

M(£|v) = M^- 1 ), 
where M(£) = M(£|l). The operator M(£) can be represented as 

3 

M(0 = £ lMU(0®E«h/ (4-20) 

where M fl ^(^) are appropriate unique elements of Uq(sls). Introduce the matrix 

M(0 = (M ab (0). 

By definition, it is an element of Mat3 (1^(5(3)) . Let P = (jP H j,| Ci f) be the matrix defined 
by the equality 

P ab\cd — &adhc- 

The corresponding linear operator is the permutation of the factors of the tensor prod- 
uct C 3 Cg) C 3 . It follows from the Yang-Baxter equation (3.8) that 

W)(M(fi)HM(fc)) = (M(( 2 )M([ 1 ))R(^ 2 - 1 ), (4.21) 

where R(£) = PR{0> and M is a natural generalisation of the Kronecker product to 
the case of matrices with noncommuting entries [8]. 
One can write 

M {m r ,m 2 ) {Q = £ zr^) (M 3 fo=1 (£)) ® E ab = £ (£) ® E ab , 
a,b=l a,b 

and define the matrix 

M(«i'«2)(£) = (M^ 1 ' m2) (^)). 

It is clear that one has 

R(0=M^°)(0 = (7r (1 ' 0) ®id)(M(0). 

Therefore, 

M.M\Q=R(C), (4.22) 

where 

R(0 = CMC))/ 

and the quantities M fl fr(£) G Mat3(C) are defined by the equality 

3 3 3 

R(0 = £ R flfo (C) ®£ flfe = E ( E Rc^COEci) 

a,b=l a,b=l c,d=l 

see (4.10) for the definition of jR fl &i c rf(C). In accordance with (4.11) we have 

R(0 = 1(0©- 
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(4.23) 

(4.24) 
(4.25) 
(4.26) 
(4.27) 
(4.28) 



r (i,o), 

(l,0)^-(H a +2H 2 )/3> 



(H!-h 2 )/3> 



Here R(£) = (R flb (£)) and D = (D flb ), where, as follows from (4.12)-(4.16), (4.6)-(4.8) 
and (4.9), the matrices M flb (£) G Mat3(C) can be represented as 

E n (o = tt^) (i - q -wp q -m+m/3) t 

R 22 (0 = f(C) TlW (1 - ^-2/3^^(2^-2^)73^ 

133(0 = /(ro^ (1 ' 0) (i-r 2/3 ^V 2Hi+4H2)/3 )^ 

=/(^)^"%7r (1 ' 0) (fi), Ri3(o =/(ror^ s " + N^ (1 ' 0) (f3), 

E 23 (0 =/(£")r'"'N7r (w,) (ft)/ RaCO =/(r')r^7r (w) (£i)/ 

l3i(0 = /(C) C s * + N 7r (1 ' 0) (£ 3 ), S 32 (0 = /(£"') 7r (1 ' 0) (£ 2 ), 
while, as follows from (4.18), (4.19) and (4.6), for the matrices B ab G Mat 3 (C) we have 

(4.29) 
(4.30) 

(4.31) 

(4.32) 

(4.33) 
(4.34) 
(4.35) 
(4.36) 
(4.37) 



33 = 71 

The equalities (4.23)-(4.30) suggest to assume that 

M(0 = M(0K. 
Here M(£) is the matrix of the form 

/ M' n (c ss ) £ s *- s «m' 12 ^- s «+m' 13 

\ ^S%1 C'«*32 -33 

where 

Mii(C) = 1 " r 2/3^-(4H a+ 2H 2 )/ 3/ M22(0 = x _ f 

M^ 3 (0 = l-r 2/3 ^ (2Hl+4H2)/3 
CiK Cj F 1 q CnHl+Cl2H2 , ML.-J.rv.n 



\ 
J 



2/3^ cj (2H 1 -2H 2 )/3 / 



I' 



I 23 



Mi 



13 



M 21 


= diK^ Ex ^ d 


M 32 


= d 2 K, E 2 ^ d 


M 31 


= d 3 K q E 3 q d 



A(£) belongs to the centre of Uq(sl 3 ), and K is a constant diagonal matrix with the 
diagonal entries 



[ n = q m+H 2 )/3 f 



K 22 = q -(Hi-H 2 )/3 f = q - { n l+ zn 2U 6_ (4 3g) 

Substituting the ansatz (4.31) into the equality (4.21), we see that, up to an automor- 
phism of the form (2.8) and (2.9), it is satisfied if we put 



(H!+2H 2 )/3 



Mj2 


= k^ 1/3 F H -( h i+ 2 ^) /3 , 


M 21 


= Ei, 


(4.39) 


M 23 




M 32 


= ^ £2/ 


(4.40) 


M 13 




M 31 


= Kq E 3 . 


(4.41) 



The quantity A(£) remains arbitrary. In the next section we prove that the equalities 
(4.38)-(4.41) really describe the monodromy operator obtained from the universal R- 
matrix using the mapping q>(Q <S> (p^ 1,0 ^ and find the expression for A(Q. 
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4.3. Sketch of the proof 

The proof is rather cumbersome and quite technical, therefore we only describe the 
main steps and leave the details to the reader. 

Let us first discuss the general structure of the monodromy operator M(£). We have 

M(C) = U(C)V(C)W(C)K, 

where 



m) = {9(0 ® ? (1 ' 0) )(* 



^0 = 



Using relations similar to (4.20), we define the matrices U(£), V(£), W(£) and DC with 
the entries in U^s^) corresponding to the operators U(Q, V(Q, and K respec- 

tively. 

Using (3.11), (4.3), (4.6) and taking into account that the endomorphism E aa is the 
projection on the vector e a of the standard basis of C 3 , we see that (4.38) is the right 
expression for the nonzero entries of the matrix K. Thus, it remains to demonstrate 
that under the appropriate choice of e A ^) the equality 

U(0V(flW(0 = M(0, (4.42) 

where M(£) is determined by the relations (4.32) and (4.39)-(4.41), is true. 
Note that for any 7 £ A + one has 

Further, in the same way as in the paper [6], we obtain 



,(W) , 
,(to), 



7k/3 E 32 , 



For 7 e A + denote 



-l) k q Ak/3 E 



31/ 



E T (0 = E <P('T+*s) ? 

k=0 



<P {1 '°Xf { s-V + ks) = -q {7k+4)/3 E23, 

^ (1 '° ) (/(,- a - / 3) + B) = (-l)^ (4fc+1)/3 El3. 



E S _ 7 (Q = £ <p(eo$- 7 )+fcs) 

fc=0 



Using the properties of the endomorphisms E a \,, we see that the matrices U(£) and 
W(0 has the form 



w(0 



u(0 
/ 
V 





1 



\ 



7 



1 

^u 21 (^) 1 

^- S «W' 12 (^) ^'" Sa +/ 5 W / 13 (^) \ 

1 F^'WjsG 8 ') 
1 



where 

U 21 (£) =K (? E a (-. ? 4/3 0, 

U 3 2(0=^E /5 (^ /3 0, 



/ 

i4(0 = ^E«+/j(-^ /3 a 

W / 12 (0=K^ 1/3 E,_ a (-^), 



(4.43) 
(4.44) 
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W' 13 (C) = K q q 1/3 E s ^(-q* /3 0, W' 23 (0 = -K^ 4/3 E,_^ 7/3 0. (4.45) 
Further, it is easy to get convinced that 

<P(0( e ks, 7 ) = £ Ss <p(eks, 7 ) 
for any 7 G A+. Similarly as in the paper [6] we obtain 

^ (1 ' 0) (/ fc ^) = -(-l)*^ /3 (Ell-^E 22 ), 

^ (1 ' 0) (/ fc ^) = -^ 4fc/3 (E 22 -^E33). 

Using these relations and the definition (3.19), we see that the matrix V(£) is of the 
diagonal form: 

V(0= V^(^) 

\ V 33 (^) / 

while the equality (3.20) gives 

lo g V n (0 = -x, £ , fc e , (4.46) 

fc=i V tl + 1 ) 

. ~ ((-1) «) - s)) <? fc/3 £ /c 

log (0 = K q £ U ? zfl L -a - ( 4 - 47 ) 

io g v 33 (0 = E 1 Jc,il n Z p — -• < 4 - 48 > 

It follows from (4.46) and (4.47) that 

log Y' n (0 ~ log V u (0 = ^.(-^C 8 ')- ( 4 - 49 ) 
Here and below for 7 e A + we use the notation 

00 

k=l 

The definition (3.17) gives 

l + Kq E' S/7 (0 =exp(jc ¥ E J , 7 (0) / 

where 

00 

Ei, 7 (0 = EK4 /7 )c ifc - 
jt=i 

Hence, it follows from (4.49) that 

1+^(0 = v;i 1 (-r 4/3 ov^(-r 4/3 0- (4.50) 

In the same way, using (4.47) and (4.48), we obtain 

i + m^(o = v£ l (r 7/3 ov; 3 (r 7/3 o- (4.5i) 

In fact, using different pairs of relations from (4.46)-(4.48) we obtain different expres- 
sions for E^ AQ, 7 £ A+. However, they are related one to another by the identity 

vii(rt)vk(£)Vs>OT 2 = 1 < 4 - 52 ) 
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which can be obtained from (4.46)-(4.48). 

Rewrite the equality (4.42) in the component form and resolve the obtained equali- 
ties with respect to the entries of the matrices U, V and W. We come to the system 



u 21 (0 = 




U 3 i(0 : 


= M' 31 M^\0, 


(4.53) 






w' 12 (0 


= M^iOM'u, 


(4.54) 


w; 3 (o = 




w 23 (0 




(4.55) 


Vu(0 = 






= e A «M 22 (0, 


(4.56) 


% 3 (0 = 


e^)(M^ 3 (0-CM^ 2 






(4.57) 



where 

M&(0 = M 23 -M 21 M / - 1 (OM / 13 , 

M&(0 = M 33 (0 -CM^MiYHOMig. 

It follows from (4.43)-(4.45) that the equalities (4.53)-(4.55) are equivalent to the equal- 
ities 

E a (0 = K^ 1 M 21 MjY 1 (-(?" 4/3 ^) / (4.58) 

c <7 



Ep(Q = K-m^^OM'^iq- 7 '^), (4.59) 

E«+/j(0 = K- l M 3l M-\- q -^Q, (4.60) 

E,_ a (£) = K-'M'-'i-q-^OM'u, (4.61) 

E^(0 = -^ 1 ^~ 4/3 M 22 " 1 (^" 7/3 OM 23 (^" 7/3 ^), (4.62) 

Es-a-piQ = K- l q- 1/3 ^'n(-^ A/3 CWl3- (4-63) 
The equalities (3.12) and (3.13) give 

E 7 (0-^(e 7 ) = [2]" 1 {:[E 7 (a «P(4t)]' 
E,_ T (0 - p(c,_ 7 ) = [2]^fe>M, 7 ), E,_ 7 (0]- 

These relations determine E 7 (£) and Ej_ 7 (^) uniquely. One can verify that the right 
hand sides of (4.58)-(4.63) satisfy them. Hence, the equalities (4.58)-(4.63) are true and, 
therefore, the equalities (4.53)-(4.54) are also true. 

Consider now the first equality of (4.56). Represent A(£) as 

00 p 

MO = E n V (4-64) 

cf. the definition (4.17). Taking into account (4.33) and (4.46), we see that the first 
equality of (4.56) is true if an only if 

Q = (q 2k + 1 + q~ 2k ) q -2k/3 q -m+2H 2 )k/3 

- Kq qV 3 k((-l) k (q k + q- k )cp(e kS/a ) + cp(e kS/fi )). 
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One can show that 

^ (-K q y^+-^-\£ 1 + i 2 + ■■■+£, -iy. , k , h tik 

e kS, 7 - p .p . p . e g e 2S, 7 ■ ■ ■ e kS,Y 

ex+2£ 2 +---+ke k =k 12 — k ' 

We use the two above equalities to calculate for small k. For k = 1 we obtain 

Ci = C« 

where 

= ^-(4Hi+2H 2 +8)/3 + ^(2H!-2H 2 -2)/3 + ? (2H!+4H 2 +4)/3 

+ K 2 q F 1 E 1 q-^+ 2H ^ /3 + K 2 F 2 E 2 q^ +H ^ /3 

+ K 2 F 3 E 3 r (Hl " H2 " 1)/3 " k3f 3 E 1 E 2 ^( h i-^+2)/3. (4 . 65) 
Note that belongs to the centre of U^sfe). For A: = 2 we see that 

C 2 = 2C< 2 > + d 1 ) 2 , 

where 

C (2) _ -(2Hi+4H 2 +10)/3 _ -(2Hi-2H 2 +4)/3 _ (4H!+2H 2 +2)/3 

- K 2 F 1 E l q^+ 2H ^ /3 - k 2 F 2 E 2 ^-( 2H i+^+7)/3 

- K 2 F 3 E 3 q^~ H ^ /3 - K^Esq^-^- 1 ^ 3 . (4.66) 

Fhe element also belongs to the centre of Uq(sl 3 ). Further calculations give 

C 3 = 3C( 3 ) + 3C^C^ + C« 3 , C 4 = 4d 3 )C« + 2C^ 2 + 4C( 2 )C« 2 + C« 4 , 
where 

d 3 ) = q~ 2 . (4.67) 
It is natural to assume now that Q are determined by the equality 

oo 

E C kl7 = ~ lo §( 1 " C(1 ^ " C(2) ^ " C(3) ^)- ( 468 ) 
jfc=l * 

Note that in this case A(£) is uniquely determined by the expansion (4.64) and by the 
relation 

A(q 2 Q + A(C) + A(q~ 2 = - log(l - C«£ " C (2) £ 2 - C^ 3 ). 

Let us show that the above assumption allows to prove the validity of the equalities 
(4.56) and (4.57). 
Note that the definition (3.16) is equivalent to the equality 

Using (4.58) and the equality 

<p(es-«) = Fl q-^ 2H ^ 3 , 

we find that 

1 + = M'-\-q-^ 3 QM'i 2 {-q-^ 3 Q. 

Comparing with (4.50), we see that 

V'nWM) = M'-\0M!l 2 (0. (4.69) 
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In a similar way, using (4.59) and the equality 
we conclude that 

VaHQVaiQ = M£\C)(&m(C) - C^(QM£\C)Ma(C))- (4-70) 
Introduce the notation 

e^ = M-\OY' n (a (4.71) 
It follows from (4.69) and (4.70) that 

e^) = M'^iOV'viO (4.72) 

and 

e Y ® = (s^(r 2 o -rH^r^^K^O^r^y^iO- (W) 

One can demonstrate that 

(i-cd^-c^-c^ 3 )- 1 

This relation, together with (4.71)-(4.73) and (4.52), gives 

Y{c?Q + Y(0 + Y( q ~ 2 = - log(l - C«£ - d 2 ^ 2 - C®Q. 

Thus, = A(£) and the equalities (4.56) and (4.57) are true. 

The matrices M( mi,m2 ) (£) are obtained from M(£) by applying to its matrix elements 
the mapping 7T^ mi ' m2 ). It follows from (4.65), (4.66) and (4.67) that 

n (mx,m 2 )^ _ C (l)g- _ c (2)^2 _ c (3)^3) 

= (1 - ( y-2(2mi+m 2 +4)/3^^ 1 _ q 2{m 1 -m 2 -l)/3Q^ _ ^2( mi +2m 2 +2)/3^_ 

Then the equality (4.68) gives 

7r( m l' m 2) (Q.) = ^- 2 ( 2m i+ m 2+4)fc/3 _|_ Z(mi-m 2 -l)k/3 + ^2(m 1 +2m 2 +2)fc/3^ 

and we come to the relation 

7r^'^)(A(0) 

= \ 3 ( q -2(2m 1+ m 2 +4)/3Q + ^ q 2( mi -m 2 -l)/3^ + ^ q 2( mi +2m 2 +2)/3^y 

In particular, we have 

Using this equality, we can check the validity of the relation (4.22). 
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5. FROM U ? (S[ 3 ) TOU,(fl[ 3 ) 

We used above the homomorphism from Uq(L(sl 3 )) to Uq(si 3 ) inspired by the homo- 
morphism from Uq(L(sl 3 )) to Uo(fll 3 ) introduced by Jimbo. In this section we describe 
the formula for the monodromy operator based on the original Jimbo's homomor- 
phism. 

First recall the definition of the quantum group Uq(gl 5 ). Let t be the standard Cartan 
subalgebra of the Lie algebra g( 3 . The elements Kj = En, i = 1,2,3, form a basis of t. 
The standard Cartan subalgebra f) of sl 3 is a subalgebra of t. Here one has 

H\ = K\ — K.2, H2 — K2 — K3. (5-1) 

The root system of gl 3 is generated by the simple roots 0L{, i = 1, 2, given by the relations 

0Cj(Ki) = mj, (5.2) 

with 

(Oif) = f -1 

V 

Let h again be a complex number and q = exph. The quantum group U^($jt 3 ) is a 
unital associative C-algebra generated by the elements E,, F,, i = 1, 2, and q x , X £ I, 
with the relations (2.3)-(2.6), where a, G t are given by the relation (5.2) and H, by the 
equalities (5.1). The analogue of the set of automorphisms (2.8) and (2.9) is 

Ei -)> v { Ei q L U v >i K i, Fi -> v~ x q~ L U v v K iF if (5.3) 
q X <? X , (5.4) 

where V[ are arbitrary nonzero complex numbers and Vu are complex numbers satisfy- 
ing the relation 

V l2 — V\3 = V21 — V22- 

The homomorphism from U (? (£(s[ 3 )) to \Jq(gl 3 ) found by Jimbo is defined by the 
equalities 

<pj(q vh °) = q -v(K 1 -K 3 ) f cpj{q v ^) = q v ^-^) f cpj(q vh2 ) = q v ^~ K ^ , 
<pj(e ) = F 3 q-^ +K *\ ( P] (e 1 ) = E lf q>j(e 2 ) = E 2/ 

cpj(fo) = E 3 q K ^ +K \ cpjift) = F lr <pj(f 2 ) = F 2 . 

Comparing with (4.3)-(4.5), we see that 

?J (e ) = q- 2K/3 9 (eo), ?jifo) = ^ /3 <p(/o), 

where 

K = K\ -\- K2 ~\~ K 3 . 

The action of cpj on the other generators is the same as the action of cp. It is not dif- 
ficult to understand that we can obtain the expression for the monodromy operator 
related to the homomorphism (pj from the monodromy operator related to the homo- 
morphism cp with the help of the substitution 

pi q^q-^l^. 
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The result of this substitution is 

?«K q E iq K i q K * - ^q~^ ?s- s H q q- K *V 2 



M(0 



q-K/3 e A(?s) 



\ C Sa+ ^ q E 3 q Kl ^K q E 2 q 



K 2 



<7 



K 3 



SSn-K 3 



C 5 q 



7 



Here A(£) has the form (4.64) where Q determined by the equality (4.68) with 

C (l) = q -2 Kl -2 + q -2K 2 + q -2K 3+ 2 + ^^-K.-K.-l 

+ K 2 q F 2 E 2 q- K ^ +1 + K 2 F 3 E 3 q~ K ^ +1 - k^E^"* 1 "* 3 , (5.5) 
C (2) = _ q -2K r -2K 2 -2 _ q -2K t -2K 3 _ q -2K 2 -2K 3 +2 _ ^^-K.-K^+l 

- K?F 2 E 2 ^ 2 ^-^-^3-l _ K 2 F3£3r K a -2K 2 -K 3 +l _ K 3 FiF2E3(? -K 1 -2K 2 -X 3 +l / (5 6) 



C (3) = q -2(K 1+ K 2 +K 3 ) _ 

Applying to the matrix elements of M(£) the automorphism (5.3), (5.4) with 



(5.7) 



-1/2 



-1/2 



v n = 
we obtain 



Vi = q v 2 = q 

1/2, Vyi = 1/2, Vi 3 = 0, v 21 = 0, v 22 



-1/2, v 23 = l/2, 



M(0 = q- K/3 e A ^ 



( q Kl - ^q~ K ^ 



X 



^-^K q q-(^+ K ^ /2 F l ^- s ^P Kq q-^+ K ^ /2 F 3 \ 



7^2 



-K 2 



^- s P Kq q-( K 2+ K 3-V /2 F 2 



\ ^x q E 3 q^+ K ^ /2 ^K q E 2 q^+ K 2~ 1 )/ 2 



K 3 



C Ss q 



-Kg 



/ 



This expression is fully consistent with the formula given by Jimbo [16]. 

The finite dimensional representation G f U^jjkj) with the highest weight 

(£1,^2/^3)/ ^1/^2/^3 ^ No, and the highest weight vector vq is characterised by the 
equalities 



q^i VQ = q vzi VQf q y^2 VQ = q vt2 VQf qV^ VQ = E\Vq = 0, E 2 v = 

Its restriction to the subalgebra U q (sl 3 ) is the representation n^ 1 ~^A-i 3 )_ 
Using the relations (5.5)-(5.7), we obtain 



vK 3 , 



■24+2 



0- 



+ q -2l 2 k + q -2(l 3 -l)k 



The equality (4.68) now gives 

ff (AAA)(q t ) = (f -w. 

and we come to the relation 

It is worth to note here that, using the representation n^ l ' Q,Q \ we again obtain the 
expression for the R-matrix given in section 4.1. 
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6. Conclusions 

Starting with the expression for the universal R-matrix given by Khoroshkin and Tol- 
stoy [23], we constructed the basic monodromy operators for the case of the quantum 
group Uq(L(sl3)). We see that despite of the fact that the formula given in [23] is rather 
formal one can obtain explicit and sensible results. It is important that we have the ex- 
act result with the explicit form of the factors belonging to the centre of the quantum 
groups Uq(sls) and U (? (g[ 3 ). An interesting byproduct of our work is the expressions 
for quantum Casimir elements of U^slj) and U^g^), cf. the paper [21]. 
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